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. We study compact perturbations of Fredholm n-tuples of index zero. We prove that if 

the operators in such an n-tuple acting on a Hilbert space satisfy certain functional relations then 
the n-tuple cannot be perturbed with compact operators to an invertible one. 
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The study of commuting n-tuples of operators has been initiated by J. L. Taylor in 
[5] and [6]. Since then several properties of a single operator have been generalized to n-tuples. In 
[2] R. Curto asked if the fact that a Fredholm operator of index zero acting on a Hilbert space can 
be made invertible by adding a compact operator remains true for commuting pairs. In [3] it has 

o : 

been shown that pairs of the form (T, T) with T Fredholm and indT ^ cannot be perturbed to 



invertible pairs. The aim of this paper is to extend this result to n-tuples. 

We shall start by reviewing some important facts about commuting n-tuples. We 
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consider only operators on a certain infinite dimensional Hilbert space H. Following [5] we attach 
to each commuting n-tuple T = (T\, T2, • • • , T n ) a complex of Hilbert spaces (K P (T, H), 5t), called 
the Koszul complex, by defining K*(T,H) := H <g) A p ', and 5 T : K P (T,H) K P+1 (T,H), 5 T := 
T\ (g) Ei + ■ ■ ■ + T n g) E n , where A p = A p [ei, e2, ■ ■ ■ , e n ] are the p-forms on C n and Eiuj = eiUJ, 
lu G A p ,i = 1,2, ••• ,n. 

The n-tuple T is called invertible if its Koszul complex is exact. The spectrum of 
T, denoted by <r(T), is the set of all z = (z±, Z2, ■ ■ ■ , z n ) G C n such that z — T = {z\ — T±, Z2 — 
T<2,, ■ ■ ■ ,z n — T n ) is not invertible. In [5] it is proved that the spectrum is a compact nonvoid set. 
For any holomorphic map / on an open neighborhood of cr(T) one can define f(T) (cf. [6]). The 
spectral mapping theorem asserts that f(a(T) = a(f(T)) (cf. [6]). A general overview of the 
properties of the spectrum can be found in [1]. 

Let H P (T), < p < n, be the cohomology spaces of the Koszul complex. The n-tuple T 
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is called Fredholm if all these spaces are finite dimensional, in this case we define the index of T to be 
indT = Y^p=o(—l) p dimH p (T). It is known that the index is preserved under compact perturbations 
(cf. [4]). Given two commuting tuples T = (71, T 2 , • ■ ■ , T n ) and T = (71, T 2 , ■ ■ ■ , T n , S) one has the 
long exact sequence in cohomology 

-> H°(T') -> H°(T) h H°{T) -> H^T) — > H l (T) —»■•■■ 

► HP- X {T) -» H P (T') -» iP(T) ^5 #P(T) -> • • • 

where 5 P is the operator induced by S 1 <g> 1 : K P (T, 77) -> i^T p (T, F), < p < n. We observe that 
the tuple T" is invertible if and only if all the operators S p are isomorphisms. As a consequence 
of this long exact sequence if T is Fredholm then T' is Fredholm of index zero; this is a method 
of obtaining Fredholm n-tuples of index zero. Given a subspace Ti of H we denote by P-h the 
orthogonal projection on Ti. 

Lemma. Let T be such that for any n, dimkerT n < oo and dimkerT' 11 — ► oo. // 
S 1 commutes with T and the sequence dim(kerS f]kerT n ), n £ N is bounded then there exists a 
sequence of nontrivial orthogonal subspaces Ti n in H such that P-)-i n S\Ti n is invertible, and for every 
m and n, P-ft n S\Ti n is similar to Pj-i m S\Ti m . 

Proof. Let JC n = kerT n Q kerT n ~ x . Since dimkerT n — > oo, the spaces JC n are 
nontrivial. Moreover, the operator 

PlC n T\1Cn ■ K-n — > K-n-1 

is injective, therefore dimK, n < dimK n -i. This shows that the sequence dim)C n , n G N is a 
decreasing sequence of natural numbers, so it becomes stationary. It follows that there exists a 
number no such that for n > no, the operator Pjc n _ 1 T\K. n is an isomorphism. Since for every n, 
kerT n C kerT n+1 and the sequence dim(ker S f] kerT n ) , n £ N is bounded, there exists a number 
n\ > no such that for n > ni, the operator P]Q n S\K, n is injective, hence invertible. Moreover, 
the operator Pjc n T\)C n defines a similarity between Pjc n S\K, n and Pjc n+1 S\lC n+ i for every n > n±. 
Taking Ti n = K, n+ni , n > 0, we obtain a sequence of spaces with the desired property. 
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Theorem. Let (T±,T 2 , • • • ,T n ) be a commuting n-tuple with T\ Fredholm and indT\ 
different from zero. If there exists for each k, 2 < k < n an analytic function of two variables f k 
such that 

1. fk(0,w) = implies w = 0, 

2. fk(Ti,T k ) = L k , L k compact, 

then the n-tuple (T±,T 2 , • • • , T n ) cannot be perturbed with compact operators to an invertible n-tuple. 

Proof. Suppose that such compacts K\, K 2 , ■ ■ ■ , K n exist. Denote Si = Tj + 
Then S± is Fredholm of nonzero index, we may assume indS± > 0. We remark that for every k, 
2 < k < n the operator N k = f k (S±, S k ) is compact. Consider the analytic function / : C n — > C n , 
f{zi,Z2, ■ ■ ■ ,z n ) = (zi, f 2 (z 1 , z 2 ), - ■ ■ , fn(zi,z n )). Then = °; and since (S 1 ,S 2 ,--- S n ) is 

invertible, from the spectral mapping theorem it follows that (S\, N 2 , ■ ■ ■ , N n ) is also invertible. 
Let us show that this is not possible. 

Let us consider k to be the smallest integer with the property that the sequence 
dim(kerS™ f| kerN 2 f| • • -f] kerN k ), m G N, is bounded. Such a k exists, for by the spectral 
mapping theorem (S™, N 2 , • • • , N n ) is invertible for every m, hence kerS™ H kerN 2 f| • • • f] kerN n 
= 0. Consider the subspace Hq = kerN 2 f]- ■ ■ f]N k -i (in case k = 2 take Hq = H). Since 
the operators S±, N 2 , ■ ■ ■ , N k commute, Hq is invariant for Si and N k . Moreover, because of the 
minimality of k, the operators Si\Hq and N = N k \Ho satisfy the hypothesis of the previous lemma. 

Let Hm be the spaces obtained by applying the lemma. Since P^iVl^i is invertible 
its spectral radius r is nonzero, so because of the similarity we have ||-Pw m -W|W m || > r > for every 
m, which contradicts the fact that N is compact. This proves the theorem. 

We remark that from the proof it follows that there is an obstruction to making the 
n-tuple either left or right invertible. As a consequence of the theorem, if T is Fredholm of nonzero 
index and fei, k 2 , ■ ■ ■ , k n are positive integers then the n-tuple (T kl , T k ' 2 , • • • , T kn ) has the index 
equal to zero, but cannot be perturbed with compact operators to an invertible n-tuple. The next 
example will show that the obstruction to making tuples invertible can be provided by the index 
of a subtuple. We still don't know if this works in general. 

Let H 2 (D 2 ) be the Hardy space on the bidisk, and T Z1 and T Z2 the two shifts defined 
by T Zl f(z 1 ,z 2 ) = z 1 f(z 1 ,z 2 ), T Z2 f(z 1 ,z 2 ) = z 2 f(z 1 ,z 2 ) for / G H 2 (D 2 ). It is well known that the 
pair (T Zl ,T Z2 ) is Fredholm of index 1. Therefore the triple (T Zl ,T Z2 ,0) is Fredholm of index zero. 
Let us show that it cannot be perturbed with compact operators to a commuting invertible triple. 
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Suppose that there exist compact operators K±, K 2 and K3 such that the triple 
(T Z1 + Ki,T Z2 + K 2 ,K 3 ) is invertible. Let Si = T Zl + K x and S 2 = T z , 2 + K 2 . By theorem 3.8 in 
[4] ind(Sf, S 2 ) = n- ind(S 1 ,S 2 ) = n, which shows that dimH°(Sf, S 2 ) + dimH 2 (Sf, S 2 ) -► 00 for 
n — > 00. So there is a sequence of positive integers {n^lfc such that either dimH°(Si k , S 2 ) — ► 00 
or dimH 2 (S™ k , S 2 ) — > 00. Without loss of generality we may assume that dimH°(S™ k , S 2 ) — > 00. 
Since H°(S?,S 2 ) = kerSf n A;er5 2 and fcer5^ C fcer^ +1 we get that dim(kerSf n fcer5 2 ) -» 00 
for n — > 00. From the spectral mapping theorem it follows that (S 1 ", S2, ^3) is invertible for any 
positive integer n hence kerS^ PI her Si n kerK 3 = 0. Therefore we can apply the lemma to the 
space kerS 2 , and to the operators Sil&erS^ and l^/cer^. Using the same idea as in the proof of 
the theorem we contradict the compactness of K3, which proves the claim. 
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